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FORECASTI NG | NCENTI VES FOR AN AGGREGATED MUTUAL FUND

Previ ous work has shown that a VMP incentive scheme can be
used to elicit unbiased forecasts of al nbst any type of variable.
In particular, the schene can be used to elicit unbiased
forecasts of expected returns and expected variance on any type
of asset or portfolio of assets. An application of this
technique to nutual fund selection is suggested. The technique
can be used to select nutual funds for inclusion in an aggregated
nmut ual fund, which can then be split up into objectively risk-
rated financial sub-portfolios. Individuals can then choose the
sub-portfolio fromthe aggregated nutual fund which nost accords

with their risk preferences.
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The purpose of a nutual fund is to allow an unsophisticated
I nvestor to purchase a diversified portfolio of investnents with
a mnimum of transaction costs, including the opportunity costs
of information gathering and anal ysis. This purpose m ght be
served well or badly by any given nmutual fund. Even for a given
| evel of risk, the returns on different nutual funds can vary
quite substantially fromeach other. Enpirically, this argues
that the unsophisticated investor could be nade better off if he
bought a diversified portfolio of nutual funds, rather than just
one or two nutual funds. This inplies that an aggregated nut ual
fund--a nmutual fund that holds a diversified portfolio of other
mutual funds--will inprove the risk-return trade-off for the
typi cal investor

Two types of diversification are possible. First, there is
diversification of portfolios for all investors having the sane
risk preference. Second, there can be diversification across
i nvestor risk classes. That is, the typical portfolios which
m ght be held by investors with different risk preferences wll
not have returns which are perfectly correlated. An aggregated
mutual fund that serves nore than one risk preference class can
take advantage of this fact to reduce risks for the sane |evel of
returns for each risk preference class. Both kinds of
di versification can nmake investors better off.

To the extent that an aggregated nutual fund attenpts to
diversify risks across investor risk classes, there is a need to

predi ct the expected returns and variance of returns of the
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aggregated portfolio, and perhaps al so of the various nutual
funds contained wthin the aggregated portfolio. Such
predictions are necessary, at a mninmum in order to divide
fairly the aggregate portfolio's risk and return anong the
various risk preference classes. The predictions are al so useful
to determ ne whether the total risk of the aggregated portfolio
corresponds well with the aggregate risk preference of the
various investor classes.

In order to elicit these predictions, this paper suggests
application of a forecasting incentive schene described in
Lundgren (1994).' The forecasting incentive scheme is based on
payi ng forecasters in accordance with their val ue margina
product (VMP) and has desirable incentive properties. This
schene can be applied to the aggregated nutual funds problem by
asking forecasters to provide predictions for expected future
returns and expected variances (or second nonents) of returns for
t he aggregated nutual fund as a whol e, and perhaps to the various
nmut ual funds which make up that aggregated portfolio.

Application of the VMP incentive schene requires a) choice of a
criterion value for judging the accuracy of forecaster
predictions, b) choice of a loss function to use in the VW
fornmula, and c) choice of a nethod for aggregating the
predictions of different forecasters.

There are at |east three distinct functions which an
aggregated nutual fund nust perform The first is to ascertain

the risk preferences or utility functions of individual investors
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and to allocate the risks and returns of the aggregated portfolio
anong investors according to their indicated risk preferences.
The second is to allocate the assets of the aggregated mnutual
fund anong various nmutual funds and other assets (if any). The
third is to obtain unbiased forecasts of the expected returns and
ri sks of the aggregated portfolio (and perhaps of subportfolios
as well). The first function can be perforned by formul ae, given
t he successful performance of the second and third functions.

The second function is simlar to the functions perfornmed by
any portfolio nmanager. This paper is not directly concerned with
the incentives given to the portfolio manager(s) of the
aggregated nutual fund, which mght or m ght not be nmade simlar
to those facing other types of portfolio managers. It is the
effective performance of the third function to which this paper
Is primarily addressed.

The actual managers of a portfolio presunmably do not have a
proper incentive to provide the public with unbi ased forecasts of
the risks and returns. To the extent that their interest
consists in selling nore of their product, they will have an
I ncentive to overstate the expected returns and understate the
expected risk. Effective performance of the third function
requi res an i ndependent assessnent of the risks and returns of
t he aggregated nutual fund.

Conflict of interest considerations require that the
I ndi vidual s who performthe third function nust be i ndependent of

the individuals who performthe second function. Likew se, the
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I ncentives and conpensation of these independent forecasters nust
be compl etely independent of the incentives and conpensation
provided to the individuals who sel ect the assets of the
aggregated nutual fund. Therefore, the forecasters and their

I ncentives nust be conpletely independent of the portfolio
managers of the aggregated nutual fund.

This paper is organized as follows: Section |I discusses the
mar ket i nefficiency which inplies the need for an aggregated
mutual fund. Section Il analyzes enpirical evidence that the
mar ket efficiency appears to exist. Section IIl defines an
aggregated nutual fund, and presents general fornulae for
splitting the returns of an aggregated portfoli o anong vari ous
I nvestor classes. Section |V describes the VMP forecasting
I ncentive nethod. Section V suggests a criterion value for use
in the VMP fornmula. Section VI derives a |oss function for use
in the VWMP fornmula. Section VII analyzes a possible nmethod of

aggregating forecaster predictions. Section VIII concl udes.

. What Market Inefficiency?

It is the presuned purpose of a mutual fund to diversify an
I nvestor's portfolio. |If an aggregated nutual fund can inprove
performance for the typical investor, then this inplies that the
current market inventory of 3,000+ nutual funds are not doing a
fully adequate job of diversifying investors' portfolios. This
I nplies the existence of a market inefficiency, which can be

exploited for presuned profit, and ultimately drive the market
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toward greater efficiency and inprovenents in welfare for the
typical investor. 1In essence, the clainmed market inefficiency is
that nmutual funds, as they currently exist, are inadequately
di versifi ed.

Thi s i nadequate diversification likely conmes fromtwo
sources: transaction costs and unsophisticated i nvestors. Most
I nvestors are unsophisiticated in that they | ack knowl edge of the
rel evant econom c/financial theories governing optinmal investnent
portfolios. The small mnority of investors who do have such
knowl edge face significant information and conputational costs of
evaluating the risk-return trade-offs of different nutual funds.
Mut ual funds thenselves are unlikely to becone fully diversified,
because of the economes to specializing in the analysis and
tradi ng of particular asset classes, and because of disagreenents
anong fund managers about the nost profitable investnent
strategi es.

| deal ly, a nmutual fund investor should be able to engage in
one-stop shopping. An investor should be able to choose from an
unconpl i cated nenu of funds and choose one or two fund(s) which
nost closely match his risk preferences. A nutual fund should
al ready be diversified. An investor should not need to worry
about purchasing a diversified portfolio of nmutual funds. Since
diversification by the individual investor inposes extra
transaction costs, ? i nadequate diversification by the nutual
funds thenselves inplies an inefficiency in the nutual funds

mar ket .



This market inefficiency, if it exists, is different in kind
fromother inefficiencies which have been alleged with respect to
the nutual funds market. For exanple, Jensen (1968) and Ippolito
(1989) explore the question of whether nutual funds, on average,
outperformor underperformthe market relative to sonme absol ute
standard (i.e., relative to sone diversified portfolio of primry
assets, such as the S& 500). Jensen (1968) finds evidence that
no nutual fund outperfornms the market, and that the average
nmut ual fund underperforns the market. Ippolito (1989), on the
ot her hand, finds that the nutual fund industry as a whole (not
necessarily particular funds) appears to be efficient relative to
an absol ute standard.

Ginblatt and Titman (1992), Hendricks, Patel, and
Zeckhauser (1993), and CGoet zmann and | bbotson (1994) anal yze the
questi on of whether sone nmutual funds performrelatively better
than others. These three recent studies analyze nonthly returns
for different data sets and tine periods and basically cone to
the sanme affirmative conclusion. Not only do sone funds perform
better than others ex post, these authors find that differences
i n nutual fund performance can be predicted ex ante based solely
on measures of past performance. Hendricks, et al (1993) clains
to show that selection of funds in accordance with a particul ar
fornmul a can i nprove expected returns by about 6% relative to the
typical fund, and by about 3-4% relative to an absol ute market
st andard.

Whet her and to what extent it nay be proper to sel ect
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particul ar funds based on expected performance is a topic which
goes way beyond the scope of this paper. To the extent that it

I s possible to distinguish, ex ante, the likely performances of
different nutual funds, this becones an additional service which
an aggregated nutual fund would be expected to perform on behalf
of its clients. For purposes of this paper, it is sufficient to
assune that diversification alone, with or without the ability to
pi ck fund "wi nners" and avoid fund "l osers", is an adequate

justification for aggregating nutual funds.

1. Enpirical Evidence of I|Inadequate Diversification

Casual inspection of tables of mutual funds returns
I ndi cates that different nmutual funds have w dely varying
returns, even if we restrict our attention to funds which fall
wWithin the sane "class."” Such casual inspection tells us that
there may be sone gain to be had by diversifying one's assets
Into nore than one such fund. Unfortunately, casual inspection
cannot tell us how inportant this gain m ght be.

To answer this question, | analyze the annual returns of 313
stock nutual funds for the ten-year period, 1983-1992. This

sanpl e cones from CDA/ W esenberger's Mitual Funds Panoranma, 1993.

Al'l funds with 10 years of data are included, except for
st ock/ bond funds, bond funds, and sector funds which are
excl uded.
Excess returns for each fund are cal cul ated by considering

only the return relative to the risk-free interest rate. * The
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observed average excess return and sanple vari ance of excess
returns was then calculated. It is clear fromthe data that ex
post returns and returns variance do not perfectly correl ate.
However, if we assunme investors are rational, we expect that
average returns, expected ex ante, should be higher for funds

whi ch have higher variances in returns. To calcul ate the
benefits of diversification, it is inappropriate to nake

cal cul ati ons based on ex post returns w thout nmaking sone
adjustnent to determ ne what investors nmay have expected ex ante.

In order to nmake this adjustnent, | maintain the assunption
t hat each investor knew ex ante that his chosen fund woul d
di splay the variance in returns that was observed ex post for his
chosen class of fund over the ten-year period. The expected
return for each fund class was then cal cul ated according to a
regression (wWthout intercept ternm) of observed average excess
returns on all fund classes as a |inear function of observed
sanpl e standard devi ati ons.

Based on the cal cul ated expected returns and the observed
sanpl e vari ance of returns, each fund was assuned to be nost
attractive to an investor with a particular level of risk
aversion. This level of risk aversion was determ ned by asking
what | evel of risk aversion would be required for an investor to
want to invest precisely 100% of his assets into a fund of that
type, if the only alternative is to invest in the risk-free
asset .’

I nvestors are assuned to have a quadratic utility function

8



of the normalized form UW=WCW. Each investor with wealth W
may purchase k units of the risky asset and Wk units of the
ri skl ess asset. The safe asset has excess return of zero; the
ri sky asset has expected excess return of r, with a variance of
o’>.  The investor's expected utility is:
E(U = W+ kr - CW - 2Cwkr - Ck%r? - Ck%c° (1)

Solving for the first-order condition in k, we find that k=aZ,
where Z=r/(r%+c® and o=(1-2CW/(2C). Z is the expected return
di vided by the second nonent. & is the absolute risk tol erance
(inverse of absolute risk aversion) of the investor's utility
function. If we set W1 and ask what value of Cin the utility
function would yield k=1, we find that C=Z/(2+2Z) and ®=1/Z. The
inplied relative risk aversion is Z

We conpute an aggregated portfolio by giving equal weight to
each of the 313 funds. The average risk tol erance correspondi ng
to these funds is 0.452 (relative risk aversion of 2.21). The
313 funds are divided into 10 cl asses of 15-43 funds each. ® The
utility of each of the ten investor types is conputed under three
scenarios: 1) each investor type holds only one fund, 2) each
I nvestor type holds an aggregated fund consisting of the 15-43
funds within his investor class, 3) each investor type holds an
aggregated portfolio of all 313 funds.

The conmputed utility of each investor type is converted into
a dollar value certainty equivalent. In conputing the utility of
I nvestors under scenarios (2) and (3), it was assuned that the

aggregated nutual fund allowed investors to form any conbi nation
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(i ncluding negative conbi nations) of the safe asset with the
ri sky aggregated portfolio. Because the aggregated portfolio
reduces risk for any given |level of expected return, it is
optimal for the average investor to increase his exposure to the
ri sky assets.

The results for each of the ten investor classes are shown
in Tables 1(a) and 1(b). The average investor experiences a
certainty-equivalent gain of 1.19%in annual returns from an
aggregated nutual fund. This 1.19%increase is conposed of a
0.93% i ncrease from aggregation within each investor class, and
an additional 0.26% increase from aggregating together all ten
I nvestor classes. Conpared with the safe asset, the certainty
equi val ent val ue of nutual funds rises from3.20%to 4.39%in

annual excess returns--a 37%gain in value for the risky assets.

I11. Careful Definition of an Aggregated Miutual Fund

An Aggregated Miutual Fund is an aggregate of nutual funds in

which the risks and returns for each participant are not
necessarily the sane or proportional for each participant and do
not necessarily correspond to the risks and returns of the whole
portfolio or of any subportfolio wthin the aggregate nutual
fund. That is, unlike the typical nutual fund or comon stock
the aggregate nmutual fund allows for disproportionate risk
sharing anong participants. Wth respect to such a fund, we can
state the followi ng informal theorem

Theorem 1: In the absence of any tax di sadvant ages or

10



transaction costs of investing in an aggregated nutual fund, an
aggregated nmutual fund can always do at |east as well (and
sonmetines better) for all participants as woul d separate
portfolios for each participant.

W may supply the follow ng verbal "proof" of this theorem
Suppose that w thout the aggregated mutual fund, each partici pant
woul d hold the best individually rational portfolio of assets.
The aggregated nutual fund can hold the same portfolio of assets
for all participants, and thus can always do at |east as well for
each participant. |In addition, the aggregated nutual fund may be
able to fornmulate contracts to trade risks and returns anong
partici pants so that one, sone, or all participants are nmade
better off.

The question of whether an aggregated nutual fund really can
do better is essentially an enpirical question, which the
previous section attenpted to shed sone |ight on, by show ng that
current mutual funds appear to be inadequately diversified. This
section focuses on the theoretical question of how risks and
returns of an aggregated fund m ght best be divided up anong
I nvestor classes with different risk preferences.

The distribution problemof an aggregated nmutual fund can be
solved in general as foll ows:

Suppose that investors are organized into Mutility (risk-
preference) classes U,, indexed by i, each with wealth W at tine
t=0. Total wealth of the aggregated fund is W where W sW

Suppose that the possible portfolio outconmes are classified
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into N nutually exclusive possible states of the world S;,

i ndexed by j, each having probability Z;, where »Z=1. The total
return including principal (net of managenent fees/transaction
costs) of the aggregate portfolio is R, at tine t=1

Each investor class may use its wealth to purchase dollars

to be delivered at time t=1 in state S;. The inplicit price at
t=0 of such dollar deliveries at t=1is P;. The total dollars
delivered to U in S is |,;/P, where |I;; is a dollar amount

invested at t=0. Each P, and |,; is deterni ned endogenously as

the solution to a set of sinultaneous equations.

The problem has three sets of equations: 1) Optim zation:
Each investor class nust choose the | ;;'s to naximze its
expected utility. 2) Budget Constraint: The sumof the I ;;'s
invested at t=0 by utility class U, nust equal W for each
utility class. 3) Market Constraint: The purchase of dollars in
S by each U class nust sumto RWfor each §;.

I nvestor class i maximzes zU(l;;/P)Z subject to sl =W.

I nvestor i's choice variables are: | j=1 to N. The

ijo

Lagrangean and first-order conditions are:

£ =3U(1;/P)Z + [W-21] (2)

The market constraint is:
/P = RW for all Nj. (3)
Hence, there are M\+HM+N equations in the foll ow ng M\#+M-N

endogenous vari abl es: | <, and P;.

ij
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If we think in terns of nunmerous (or even a continuum of)
states of the world, it nay be easier to think in terns of
probability-nornalized variables. Define Q=P/Z (probability-
normal i zed price of dollar in state j), and define J,;=l,;/Z
(probability-normalized investnent by i at t=0 for dollar

deliveries in state j). The three equations then becone:

U (J;/Q) = aQq (4)
W = 23,2
2Ji; = QRW

If there were only one utility class, we could elimnate the

I subscript and solve as foll ows:

Q = U(RW/0 (5)
Q = U (RWRZ
J = QRW

The Q variables trace out an inplicit or "aggregate utility
function"” which can serve as an objective function which the
aggregated portfolio manager(s) can be asked to maxi m ze. Though
It may be useful as an objective function, if there is nore than
one utility class of investors, the aggregate utility function
will not function as a true utility function, since it wl|l
change if the distribution of wealth anong investor cl asses
changes, or if the expected risks and returns of the aggregated

portfolio changes.

V. The VMP Forecasting Incentive Method

As indicated in the introduction, one of the functions
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requi red by the aggregated nutual fund is an objective appraisal
of the risks and returns of the aggregated portfolio, so as to
fairly allocate risks and returns anong investor risk classes.
To avoid conflicts of interest, it is proposed that a group of
forecasters, separate and distinct fromthe portfolio managers,
be chosen to performthe function of forecasting expected returns
and risks. The remainder of this paper shows how a system of
general forecasting incentives, described in Lundgren (1994), can
be adapted to resolve the specific problem of obtaining
predi ctions useful for inplenmenting an aggregated nutual fund.
Lundgren (1994) describes a nethod of paying forecasting
I ncentives based on val ue margi nal product (VMP). This technique
assunes that there is a principal (forecast requisitioner) whose
goal is to obtain an accurate prediction concerning the future
realization of a randomvariable X. This goal is to be
acconplished indirectly, rather than directly, by hiring a set of
agents (forecasters) who will do the actual forecasting. The
method requires at least three elenents: 1) a criterion value to
determ ne the accuracy of predictions, 2) a loss function, and 3)
a prediction aggregator function.
The forecast requisitioner aggregates the predictions of
I ndi vidual forecasters to obtain a collective prediction suitable
for further action. A typical nethod of aggregation mght be to
take an average or wei ghted average of forecasters' predictions,
such as an arithnmetic nmean or a geonetric nmean. Let X, represent

t he vector of individual predictions, X;, X,, ..., X, of
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forecasters 1, 2, ..., n. A prediction aggregator function can
be generalized as foll ows:

AX) = AX, X X, o000 X)) (6)
Let X, represent the vector of predictions of all forecasters
except forecaster i. (X,) represents a "secondary collective
prediction,” which would presunmably be issued in the absence of
forecaster i's prediction.

The loss function, L(X, X)), tells us the |ost benefits
whi ch occur when  X,) is the collective prediction of X while
X, is an actual or estimated value of X which is |ater observed.
The val ue X, can be used as a "criterion value"--a variable val ue
which is used to judge the accuracy or inaccuracy of forecasters
predictions. |f the actual value of the variable being predicted
I's observed within a reasonable period of tine, it is natural to
use the actual variable value as the criterion value. O herw se,
It 1S necessary to use a proxy.

The VMP incentive schene attenpts to neasure forecaster VMP
and pay in accordance therewith. 1In Lundgren (1994) it is shown
that the VMP incentive schene has various favorabl e properties.
For instance, the schene results in unbiased forecasts when
forecasters are risk neutral, and nearly unbi ased forecasts when
forecasters are risk averse. The schene results in optinal
effort |levels by each forecaster, and attracts nearly opti nal
nunbers of forecasters to the forecasting task.

The VMP incentive nethod uses a proxy for VMP which may be

termed "marginal contribution.”™ The marginal contribution asks
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how t he value of a collective forecast changes, when the
prediction of a particular forecaster is either contributed or
wi t hheld. The marginal contribution of forecaster i towards the
accuracy of the collective forecast can be given by the equation:
MG = L(Xa G(X;))-L(X, A(X)) (7)
The marginal contribution for a particular forecaster in a
particular instance mght well be positive, zero, or negative,
dependi ng on whether X, noves the collective forecast towards or
away from X,.
Hence, the VMP incentive nethod uses the follow ng type of
pay schedule for a forecaster:
Po(X, X, X)) = F + KL(X,, (X)) - KL(X,, G X, X)), (8)
wher e k>0.
The paynent schedule in (8) is sinply a linear (affine)

transformation of the VMP formula in equation (7).

V. Criterion Values for Predictions of the Excess Return
Open-end nmutual funds typically value their portfolios at
the end of each business day, so that investors nay deposit or
W t hdraw assets at that tinme. An aggregated nmutual fund would
want to know the likely distribution of expected returns from one
busi ness day to the next. Ideally, one mght wsh to obtain a
predi cti on concerning the whole probability distribution of
returns. Practically speaking, it would be sinpler to assune
that the returns follow sonme standard distribution, and then ask

forecasters to predict the values of certain nonments of that
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di stribution.

The probability distribution of actual returns is said to
nost closely follow the log-normal distribution. |If thisis a
sufficiently good approximation for prediction of daily returns,
then the paraneters of interest are the nean of the |og
di stribution and either the variance or the second nonent of the
| og distribution. By a well-known statistical identity, the
second nonent is equal to the nean squared plus the variance.
Daily predictions concerning the expected val ues of at |east two
of these three nunbers can then be solicited from expert
forecasters.

Because neither the nean, nor the variance, nor the second
nonment of a distribution are directly observed on any busi ness
day, it is necessary to use proxies for the criterion val ues
whi ch are used to judge the accuracy of forecaster predictions.
The nost appropriate criterion value for predictions concerning
the nean of the log distribution is the observed |ogarithmof ex
post actual excess returns, since the observed logarithmw Il on
average equal the nean. In mathematical notation, if r is the

unobserved nean of the hypothetical distribution, r_,is the

e
collective estimate of r, and r_, is the observed excess return
over the riskless rate, then r_, is used as the criterion value to
determ ne the accuracy of r..

For predictions concerning the | og-variance, the nost
appropriate criterion value is the square of the observed

| ogarithm c deviation of actual returns fromits predicted nean.
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This is because, on average, we expect the square of this
deviation to equal the log-variance. |In mathematical notation
if o> is the unobserved variance of the hypothetical
distribution, o/ is the collective estimte of o and
o=(r,-r,)% is the square of the deviation of observed excess
return fromthe estimated excess return, then o is used as the
criterion value to deternine the accuracy of o2

For predictions concerning the second nonent, the square of
t he observed | ogarithm of actual excess returns is the correct
criterion value, since the square will on average equal the
second noment. In mathematical notation, if S=r?+c® is the
unobserved second nonent of the hypothetical distribution, S, is
the collective estimate of S, and S,=r,? is the square of the

observed excess return over the riskless rate, then S, is used as

the criterion value to determ ne the accuracy of S,

VI. Format of Loss Function

There are at |east three possible types of | osses which
m ght occur frominaccurate prediction of the nmean and vari ance
of the aggregated portfolio. One is an efficiency loss to the
Investors in the fund, if there is as a result either too little
or too nuch investnment in risky assets by the aggregated
portfolio. Two is an equity |oss (which mght or m ght not have
efficiency conmponents) which results if msprediction of the
| ikely probability distribution of returns leads to a different

distribution of fund assets between investors of different risk
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classes. Three is a social efficiency loss if errors of
predi ction cause investnents in risky assets to be |ower than
m ght ot herwi se be the case.

O these three losses, only the first type of loss is likely
to be of unani nmous concern to the private investors in an
aggregated nutual fund. To determ ne the approxi mate size and
formof this |loss, assune that the aggregated utility function
can be approximated by a quadratic utility function of the
normal i zed form UW=WCW. The safe asset has excess return of
zero; the risky asset (i.e., the aggregated portfolio) has
expected excess return of r, with a variance of o&°

Each investor with wealth Wnmay purchase k units of the
ri sky asset and Wk units of the riskless asset. The investor's
expected utility is:

E(Uk)) = W+ kr - CW - 2CWkr - Ck’r? - Ck*c® (9)
Solving for the first-order condition in k, we find that k=aZ,
where o=(1-2CW/(2C) and Z=r/(r?+c®). Suppose r and o are
estimated to be equal tor, and o,. This wll cause the anount
I nvested in the risky asset by the portfolio manager to equal
k,=0Z,, where Z.=r./(r +c,%). The expected utility to the fund
hol ders is therefore:

E(Uk,)) = W+ kor - CW - 20Wk.r - Ok jr? - k120 (10)

The expected utility loss to fund investors is
E(U(k))-E(U(k.,)). In order to get the dollar value of this |oss,
we subtract (10) from (9) and divide through by the margina

utility of inconme, 1-2CW
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Loss = (k-k,)r - (k* k2 (r?+c% /2 (11)
Define S=(r?+c%) and S,=(r.+c,), then Z=r/S and Z=r./S,. Sis
t he second nonent of the distribution of excess returns, and S,
IS the estimated second nonent. After substitution for k and k.,
and a little manipulation, it can be shown:

Loss = o(rS,-r.S)?% (2SS,?) (12)

I f we assune that S=S,, then (12) reduces to:

Loss = o(r-r,)% (2S) (13)
Since the loss function is quadratic in r, the goal of the
forecasters should be to predict the nean of the distribution of
r

If we assunme that r=r, then (12) reduces to:

Loss = ar?(S,-S)? (2SS,% (14)
If we assune that S and S, are cl ose together in value, then the
| oss function is essentially quadratic in S,. Therefore, the
goal of the forecasters should be to predict the nmean of the
distribution of S (the second nonent of r).

Gven that r and S are never directly observed, it is
necessary to use the proxies, r, and S,=r_,> as criterion values to
judge the accuracy of collective estimates of r and S. Let r .
and S, represent the vector of individual predictions of r and S
by all n forecasters, and let r and S, represent the vector of
predictions of all forecasters except forecaster i. r . and
&(S,) represent the collective predictions of r and S, while
Ar,) and GS,) represent the secondary collective predictions

that woul d be issued in the absence of forecaster i's prediction.
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Gven r, and S, as criterion values, we can define proxy |loss

functions for r, and S, as foll ows:

L(ra, &ro)) = o(r-Qro))* (24S,)) (15)
L(S., &(S:)) = oQ(r ) *(S,-&(S))) 1 (2E(S,) ) (16)
Simlarly, we can define secondary |oss functions as follows:
L(ra, &rg)) = o(rGry))?* (24(S,)) (17)
L(S., &(S:)) = oQ(r ) *(S,- G(Sy)) * (2&(S;)°) (18)

The above | oss functions can be plugged into the paynent fornula
in (8) to notivate unbi ased predictions fromforecasters. It
only remains to determne the nature of the aggregation

functions, r) and S).

VII. Aggregating Forecaster Predictions

One nethod for aggregating predictions is to take a wei ghted
mean of each forecaster's prediction of a particular value. In
Lundgren (1994), an exanple is worked out whereby risk-neutral
forecasters attenpt to predict the expected value of a random
vari able, X, having a normal distribution with unknown nean.
Each forecaster is assunmed to have both comon information and
private information. Each forecaster's private information has a
different |evel of precision.

In the exanple, each forecaster submts to the requisitioner
both a precision weight, T,, and a prediction function, X (T),
where T represents a sum of precision weights. The collective
prediction is conputed as a wei ghted nean of the X,(T)

predictions, where the weight T, is applied to each X;, and the
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value T is set equal to the sumof all precision weights. Each
secondary collective prediction is conputed as a simlar weighted
mean of the X;(T) predictions, except that one of the predictions
I s excluded and the value T is set equal to the sum of al

preci sion weights except for the precision weight of the excl uded
prediction.

In Lundgren (1994) this nmethod of aggregation is shown to
have favorabl e properties. 1In Nash equilibrium each forecaster
Is notivated to submt the correct precision weight and
predi ction function, which when aggregated produces the correct
collective prediction, given the conbined information of all the
forecasters. G ven an appropriately weighted |oss function in
the paynent fornula, each forecaster also has incentive to exert
the socially optinmal anount of effort.

A simlar nethod of aggregation would presumably work well
to elicit predictions of the expected value of r, sincer is
essentially the mean of a probability distribution. However, it
I's not inmmediately clear whether the sane nethod of aggregation
woul d work well to elicit correct predictions of the standard
devi ation, variance, precision, or second nonent of a probability
di stribution, such as o, o, 1/0, or S=r,+o, in our exanple.

To get a handle on this issue, we can invent a netaphor for
the forecasting task. Each forecaster is assuned able to inmgine
different scenarios for the future. Each scenario has associ ated
with it a particular rate of excess return, r,. Each scenario is

assuned equally likely to conme true, regardless of which
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forecaster imagines it.°® Sone forecasters may inmagine nore
scenarios than others. The conbined sanple of inmagined scenari os
I's assuned to be representative of the population of all
scenarios, both imagi ned and uni magi ned. ’

For initial sinplicity, assune that each scenario is
I magi ned by only one forecaster as private information. Each
forecaster submts a precision weight which is equal to the
nunber of privately imgined scenarios. For purposes of
conmputing a nean value of the distribution, each forecaster
submts the nean value of r, fromhis private set of scenarios.
For purposes of conputing a second nonent of the distribution
(S), each forecaster subnits the nean value of r 2> fromhis
private set of scenarios. The weighted nmeans of r, and r 2 for
all forecasters will correctly aggregate to give the correct nean
of r, and r. > for all scenarios conbined.

Using the statistical identity, that the variance is equa
to the second nonent m nus the nmean squared, one can conpute the
I nplied variance, standard devi ation, and precision of the
distribution (o, o, and 1/0,). However, the variance is not
capabl e of being directly conputed as a wei ghted nean of the
I npl i ed vari ances observed by individual forecasters. This is
because the variance is conputed relative to the nmean of the
observations, and different forecasters may have observed
different nean values for their private sets of r . 's.

Hence, even if the statistic of interest to the forecast

requi sitioner is the expected value of the variance, the standard
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devi ation, or the precision, rather than the second nonent, it is
necessary either to solicit values of the second nonent or to use
nore conplicated formulas for aggregating predictions of the
variance or its functional derivatives. Either course can be
pursued, but it is sinpler to think in terns of soliciting
expected val ues of the nean and the second nonent, using a
wei ghted nean as the preferred nethod for aggregating the nean
and the second nonent, and then conputing the variance, standard
devi ation, or precision as desired. Perhaps coincidentally, the
particul ar application of this paper requires only a
determ nation of the nean and the second nonent, which are the
easi est statistics to aggregate.

For added conmplexity in the netaphor, assune that a nunber
(T,) of scenarios are observed or imagined in comon by all
forecasters. 1In addition to the conmmonly observed scenari os,
there are privately imagi ned scenarios, each of which is inagined
by only one forecaster each. Again, each forecaster submts a
precision weight (T;) which is equal to the nunber of privately
I magi ned scenarios. For purposes of conputing a nmean value (r ,)
and a second nonent (S,) for the commonly observed scenari os,
each forecaster conputes the nmean value of r, and r, > fromthe
comon set of scenarios. For purposes of conputing a nean val ue
(r,) and a second nonment (S,) for the privately inmagined
scenarios, each forecaster i conputes the nmean value of r, and r,?
fromhis private set of scenari os.

It was shown in Lundgren (1994) that risk-neutral
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forecasters have incentive under the VMP incentive schenme to
submt a set of predictions which aggregate to bring about the
best collective prediction, given the total information at their
collective disposal. Information will not be wasted or w thheld.
Thi s assunes, however, that the aggregation procedure is adequate
to the task of optimally conbining forecaster information. To
test the sufficiency of the aggregation procedure, we determ ne
whet her the aggregation procedure can achieve the first-best
aggregation of the total information available. |If it can,
forecasters under the VMP incentive nethod will have incentive to
submt predictions which properly aggregate.

The best nethod of aggregation is to take a wei ghted nean of
all the imagined scenarios, both comonly imgined and privately
| magi ned, as foll ows:

re=( Tz + 2 Tiry ) (TA2T,) (19)
S; = (TS, + 3 TS, )/ (TH#+:T) (20)
r and S; represent the best possible aggregation of the
information available to the forecasters. This best possible
aggregation can be obtained if each forecaster i submts the
precision weight, T,, and the follow ng prediction functions:
ri(T)
Si(T)

( Torz + Try )/ (T+T) (21)

( TS, + TS, )/ (TH+T) (22)
The forecast requisitioner then aggregates the individual
predi ctions by taking a weighted nean, where T_=5T;:
Qr.) = (zT,;r (T))/T, (23)
qS.) = (=zT,S(T.))/T, (24)
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It can be verified algebraicly that Gr )=r; and S;,)=S;. Since
the best nethod of aggregation is feasible under this sinple
aggregation procedure, the efforts of forecasters to provide the
collectively best set of predictions are not hanpered. Hence,
under the VMP forecaster paynent nmethod shown in (4), forecasters
wi || endeavor to provide this collectively best set of

predictions.?

VI1l. Concl usion

This paper identifies an enpirical need and a theoreti cal
prescription for an aggregated mutual fund. The enpirical need
arises fromthe inadequate diversification of currently existing
nmut ual funds. An aggregated nutual fund which hol ds ot her nutua
funds can effectuate a certainty-equival ent inprovenent in
expected annual returns of 1.19% (a 37% i nprovenent) sinply
t hrough added diversification. 0.93%(78% of this
diversification benefit comes from aggregati on of nutual funds
Wi thin investor classes, and 0.26% (22% of this benefit cones
from aggregati on between investor cl asses.

The theory of how risks and returns of an aggregated
portfolio are properly allocated anong investor classes with
different risk preferences was di scussed. |nplenentation of the
theory requires sonme estimate of probable returns and returns
volatility. An application of the VMP forecasting incentive
nmet hod described in Lundgren (1994) was suggested as a good way

to elicit unbiased predictions of the necessary infornmation.
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This application requires that there be a group of i ndependent
forecasters whose incentives are separate and distinct from any
I ncentives provided to the portfolio managers of the aggregated
mut ual fund.

Application of the VMP incentive schene requires three
el ements: 1) choice of a criterion value for judging the
accuracy of forecaster predictions, 2) choice of a |loss function
to use in the VWMP formula, and 3) choice of a nethod for
aggregating the predictions of different forecasters. It was
shown that the nost appropriate criterion values were ex post
observed excess returns, R,, and the square of excess returns,
R’ The nost appropriate loss functions were shown to be
quadratic in the expected nmean, r, and second noment, S=r ?+c, of
the distribution of excess returns. Finally, it was shown that
an optimal nmethod for aggregating forecaster predictions is to
take a weighted nean of forecasters' predictions of the nean and
second nonent of the returns distribution, where each forecaster

submts the weights to be used.
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ENDNOTES

1. The nethod described in Lundgren (1994) is the subject of a
patent (U.S. Patent 5,608,620). Contact author for details.

2. Although no-load nutual funds do not charge sal es commi ssions
or withdrawal fees, npbst such funds do have m ni num i nvest nent
requirements (typically around $1, 000-$2,000). For sone
individuals, it may not be feasible to diversify a portfolio of
mut ual funds. Even where feasible, it is certainly not
conveni ent .

3. Risk-free returns are calculated fromthe one-nonth treasury

bill annual rates provided by |bbotson Associates, Stocks, Bonds,
Bills, and Inflation (SBBI).

4. Gven the assuned linear structure of expectations, this is
equi val ent to asking which fund an investor of the given risk
class will choose to invest in, if each investor nust place all
his assets into only one fund.

5. The fund cl asses were chosen fromthe foll ow ng categories
grouped by CDA/ Wesenberger: Mxinmum Capital Gains (MCG, Snal
Conpany Gowh (SCG, International Equity (INT), Long Term
Gowh (LT, Gowh and Current Incone (GCl), and Equity |Incone
(IEQ. Three of the categories were sorted into high/low or

hi gh/ m ddl e/ | ow cl asses based on variance of returns. The ten

cl asses and nunber of funds in each class were: MG 1,2 (24/25);
SCG (16); INT (23); LTG1,2,3 (43/43/43); GCl-1,2 (41/40); and

| EQ (15).

6. The assunption is intended only for sinplicity. One can
derive the same conclusions of this section, even if scenarios
are to be weighted according to sone neasure of probability or
plausibility, or if scenarios conme equipped with a probability
distribution for the r,'s rather than having a fixed r,

7. |If the imagined sanple is not representative, there is
presumably no humanly possible way to correct the situation.
Under the incentive schene, forecasters have every incentive to
correct for any known deficiency in the representativeness of
scenari o i magi nation.

8. See Proposition 2 in Lundgren (1994). Lest this seemlike a
trivial feat, it should be realized that a collection of

I ndi vidual |y best predictions is not equivalent to a set of
collectively best predictions. A collectively best prediction
nmust optinmally aggregate the information available to al
forecasters conbi ned, whereas an individually best prediction
relies only on the information available to a particul ar

i ndi vi dual .
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Table 1(a). The Diversification Value of Aggregating Mitual
Funds.

| nvest or Certainty Equival ent Excess Returns

Cl ass Mean & (1) (2) (3)

MCG 1 0. 682 4.816 6. 355 6.614

SCG 0. 637 4. 497 5.444 6.176

LTG 1 0. 585 4.136 5.491 5. 680

| NT 0. 563 3.976 5. 380 5. 460

MCG- 2 0. 449 3.175 4. 466 4. 360

LTG 2 0.421 2.971 3. 605 4.080

GCl-1 0. 400 2.828 3.627 3.884

| EQ 0. 330 2.331 2. 883 3. 202

LTG 3 0. 324 2.289 2.963 3. 143

GCl -2 0. 308 2.175 2.684 2.987

Al l 0. 452 3.196 4.131 4. 389

Certainty Equivalent Returns: |In Scenario (1) each investor type
hol ds a single mutual fund. |In Scenario (2) each investor type
hol ds an aggregated nutual fund consisting of the 15-43 funds
within his investor class. In Scenario (3) each investor type

hol ds an aggregated nmutual fund consisting of all 313 nutual
funds.

Table 1(b). Diversification Gain from Aggregati ng Mutual Funds.

| nvest or Certai nty Equival ent Annual Gains
d ass Mean @ Tot al Intra-Cl ass Inter-C ass
MCG 1 0. 682 1.798 1.538 0. 260

SCG 0. 637 1.679 0. 947 0.732

LTG 1 0. 585 1.544 1. 356 0.188

| NT 0. 563 1.484 1.404 0. 080

MCG- 2 0. 449 1.185 1.291 -.106

LTG 2 0.421 1.109 0. 634 0. 475

GCl -1 0. 400 1. 056 0. 799 0. 257

| EQ 0. 330 0. 870 0. 552 0. 318

LTG 3 0. 324 0. 854 0.674 0.180

Cl -2 0. 308 0.812 0. 509 0. 303

Al l 0. 452 1.193 0. 935 0. 258

Certainty Equival ent Annual Gain
follows: Total Gains = (3) - (1
Intra-C ass Gains = (2
Inter-Class Gains = (3

computed from Table 1(a) as
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